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Abstract. The dust acoustic mode in inhomogeneous plasmas is discussed in the regime
when the electrons and ions are magnetized while at the same time the dust grains remain
un-magnetized. Although the dynamics of the light species is strongly affected by the magnetic
field, the dust acoustic mode may still propagate in practically any direction. The inhomogeneity
implies a source of free energy for an instability that develops through the diamagnetic drift
effects of the magnetized species. It is shown that this may be a powerful mechanism for the
excitation of dust acoustic waves. The analysis presented in this work is also applicable to
plasmas containing both positive and negative ions and electrons, provided that at least one of
the two ion species is un-magnetized.
1. Introduction
Inhomogeneous plasmas imply the presence of a source of free energy that can make some plasma
modes growing. In an electron-ion plasma, when both electrons and ions are magnetized, the
corresponding growing low-frequency mode is the drift mode. However, in some situations, in
the perturbed state the heavier species (ions) may in fact behave as un-magnetized regardless of
the presence of a magnetic field. In view of the mass difference, for electrons we may have at the
same time ω ¿ Ωe = eB0/me. Electrostatic modes propagating in a plasma with such properties
will have the basic features of the ion acoustic (IA) mode, in spite of the magnetized electrons.
Within the two-fluid theory such a mode in an inhomogeneous plasma may become growing [1]
provided the simultaneous presence of collisions and the mentioned equilibrium density gradient
perpendicular to ~B0. Within the kinetic theory the mode is also growing due to purely kinetic
effects. The growth rate is similar to the standard drift wave instability [2], with the necessary
condition that the wave frequency is below the electron diamagnetic drift frequency ω∗e = v∗ek⊥.
In a plasma containing also some dust grains, and in the presence of some small perturbations,
the time and space scales at which the grain dynamics develops is orders of magnitude different
as compared to the above mentioned drift and IA wave scales. Hence, both the ions and electrons
may be well magnetized, while the dust grains may not feel the effects of the magnetic field.
One may then expect that the grain dynamics remains within the dust acoustic (DA) wave
description although the lighter species are magnetized and thus have very different dynamics
in the directions parallel and perpendicular to the magnetic field vector. In an inhomogeneous
plasma, the dynamics of the electrons and ions will be described by a set of equations that
follow from the standard drift wave theory, with possibly the only difference regarding the finite
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ion inertia effects that at the DA wave scale can simply be ignored. The resulting dispersion
equation may then yield a growing DA wave, with the instability driven by the density gradient
of the magnetized light particles. This type of the dust acoustic, gradient-driven instability will
be studied in the present work. In particular, we shall use a model in which the equilibrium
dusty plasma is confined by the magnetic field, implying that all species are magnetized, while
the perturbations will be studied. Two specific cases will be studied, viz. i) an electron-ion
plasma with negatively charged grains, and ii) a plasma containing positively charged grains
and negative ions and electrons.
2. Derivations and results
We shall assume a plasma placed in an external magnetic field ~B0 = B0~ez, with a density
gradient of the species j in the x-direction (j = e, i, d). The charge number Zd of the dust
grains is assumed to be constant (which is appropriate for frequencies far below the mean
attachment frequencies for electrons and ions so that the equilibrium quasi-neutrality condition
reads ni0(x) = ne0(x) +Zdnd0(x). A varying grain charge is known to introduce an extra mode
of oscillations [3]. In such a geometry, the species will have the above described equilibrium
diamagnetic drift velocities ~v∗j = ~ez × ∇pj/(qjnjB0). The perturbed number density of the
species j is nj1 =
∫∞
∞ fj1d
3~v, where fj1 is the corresponding distribution function. In the
perturbed state, we shall continue to treat the light species as magnetized. However, the dust
grains are taken as un-magnetized, implying wave-lengths that are above the ion and electron
gyro-radii, yet below the grain gyro-radius, or/and the wave frequencies that are below the
electron and ion gyro-frequency, but above the grain gyro-frequency. Hence, the derivation will
be different for magnetized and un-magnetized species. The former yields for the perturbed
number density
nj1 = −qjnj0φ1
κTj
{
1 + (ω − ω∗j)
∑
m
Λm(βj)
ω −mΩj
[
W
(
ω −mΩj
|kz|vTj
)
− 1
]}
. (1)
Here, βj = k2⊥ρ
2
j , Λm(βj) = Im(βj) exp(−βj), W (χ) = (2pi)1/2
∫+∞
−∞ η exp(−η2/2)dη/(η − χ), Im
is the modified Bessel function of the first kind and order m. We use the local approximation
with small perturbations of the form ∼ fˆ(x) exp(−iωt + ikyy + ikzz); fˆ(x) is the x-dependent
amplitude and |d/dx| ¿ |ky|. For frequencies much below Ωj , we keep only the term m = 0
and, being interested in the DA spatial and time scales, it is good enough to use Λ0(βj) ' 1 for
both electrons and ions. For similar reasons (|χ| ¿ 1) we shall use the approximate expression
W (χ) ' 1− χ2 + . . .+ i(pi/2)1/2χ exp(−χ2/2). This yields for electrons and ions
nj1
nj0
= −qjφ1
κTj
[
1 + i
(
pi
2
)1/2 ω − ω∗j
|kz|vTj exp
(
ω2
2k2zv2Tj
)]
. (2)
Regarding the perturbed dust dynamics, we shall assume frequencies satisfying the conditions
ω À Ωd, and ω À ω∗d. The latter is particularly easily satisfied for grains with a high charge
number. Further in the text, these assumptions will be supported by the parameters which we
use. In such a frequency limit for dust grains we have
nd1
nd0
=
eZdφ1
κTd
[
1−Z
(
ω
kvTd
)]
. (3)
Here, Z(α) = [α/(2pi)1/2] ∫+∞−∞ dξ exp(−ξ2/2)/(α − ξ) is the plasma dispersion function. Note
that the argument α here comprises the total k, which describes the essential fact that the
grain perturbations are independent on the direction of the magnetic field vector ~B0 = B0~ez.
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After expanding Z(α) ' 1 + 1/α2 + . . . − i(pi/2)1/2α exp(−α2/2), what is valid if |α| À 1 and
|Re(α)| À |Im(α)|, and using Eqs. (2) and (3), the quasi-neutrality condition, which in the
present case reads ni1 = ne1 + Zdnd1, yields the dispersion equation:
∆(ω,~k) ≡ k
2Z2dnd0
mdω2
− ni0
κTi
− ne0
κTe
−i
(
pi
2
)1/2 [ ω
kvTd
Z2dnd0
κTd
exp
(
− ω
2
2k2v2
Td
)
+
(ω − ω∗i)
kzvT i
ni0
κTi
exp
(
− ω
2
2k2zv2T i
)
+
(ω − ω∗e)
kzvTe
ne0
κTe
exp
(
− ω
2
2k2zv2Te
)]
= 0. (4)
The real part of Eq. (4) yields the DA wave frequency ω2r = k
2c2d, c
2
d =
κTeTind0Z
2
d/[md(ni0Te + ne0Ti)]. The growth rate (and damping) γ is given approximately
by γ ' −Im(∆)/[∂Re(∆)/∂ω]ω=ωr , and this yields
γ = −
(
pi
2
)1/2 mdc3dk
2Z2dnd0
[
ωrnd0Z
2
d
kvTdκTd
exp
(
− ω
2
r
2k2v2
Td
)
+
(ωr − ω∗i)
kzvT i
ni0
κTi
exp
(
− ω
2
r
2k2zv2T i
)
+
(ωr − ω∗e)
kzvTe
ne0
κTe
exp
(
− ω
2
r
2k2zv2Te
)]
. (5)
The diamagnetic drift separates charges so that in the present case ω∗i has the sign opposite to
ω∗e. The shape of Eq. (5) reveals that, for a positive ω∗e, the only term capable of changing
the sign of γ and yielding the growth is in principle the electron term, provided that ωr < ω∗e.
The dust term in Eq. (5) is typically always negligible in comparison to the others. To check
if the instability is really possible, we make the ratio of the ion and electron terms γi/γe that
are within the brackets [ ] in Eq. (5). As long as ω2r ¿ k2zv2Te, k2zv2T i, the exponential terms
are practically equal to unity and play no role. Also, having ωr ¿ ω∗e, ω∗i, it is seen that the
instability may take place only provided that
|γi/γe| '
∣∣∣∣n′i0n′e0
∣∣∣∣ (TemiTime
)1/2
=
∣∣∣∣1 + Zdn′d0n′e0
∣∣∣∣ (TemiTime
)1/2
< 1. (6)
Hence, here the instability implies unrealistically high values of the ion temperature and the
excitation of DA waves by electron terms in such dusty plasmas containing negatively charged
grains is unlikely. An exception could be a specific case in which the electron and dust density
gradients have opposite signs, and, in addition, nearly balance each other so that the term
|1 +Zdn′d0/n′e0| ' |1−Zdnd0Le/(ne0Ld)| becomes very small, implying a nearly flat ion density
profile, i.e., Le/Li ¿ 1. Note that in standard electron-ion plasma (e.g., in the case of the
drift wave) exactly the same γe term appears, resulting in the instability mentioned in the
introductory lines, while in the same time it is usually ω2r > k
2
zv
2
T i, or ω
2
r À k2zv2T i. The total
ion contribution is thus considerably reduced and the electron terms are capable of making the
mode growing. The reason for the absence of the electron-driven instability in the present dusty
plasma case is clearly only due to the fact that the frequencies are low and the exponential term
in the ion part plays no role, i.e., ω2r ¿ k2zv2T i.
Under typical laboratory conditions in the past, grains are negatively charged by electron
attachment and this corresponds to the case discussed above. However, more recent experiments
dealing with the photoelectric charging [4], and the presence of negative ions in a dusty plasma
yield positively charged dust grains. In space and astrophysical plasmas, grains can have both
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positive and negative charges, sometimes even at the same time, or in the form of neighboring
layers containing opposite charges on the grains. This peculiar behavior of a dusty plasma is
due to several competing charging mechanisms, like the attachment of plasma particles due to
inelastic collisions, secondary electron emission and photoemission. Dusty plasmas containing
negative ions imply a reduced charging of the grains due to electron attachment and dust grains
can become positively charged, this especially in the case when positive ions are much lighter
than negative ones. In such cases the diamagnetic velocities of electrons and any other negatively
charged magnetized species have the same sign, and therefore their destabilizing effects will add
up.
In view of that, performing a similar procedure as above, it can easily be shown that
such plasmas are additionally destabilized, with the effects of negatively charged magnetized
species (ions or grains) being similar to those of electrons. In the equilibrium we have
Zdnd0(x) = ni0(x) + ne0(x). Here, the density gradients of electrons and negative ions are
assumed to be of the same sign, and they are balanced by the variation of the density of
positively charged grains. In the perturbed state the dispersion equation is obtained from
Zdnd1 = ni1+ne1. The real part of the dispersion equation will again yield the same frequency,
while the growth rate will be similar as Eq. (5), except for the ion contribution that now contains
the negative sign in the critical term ω − ω∗i. If the dust term in Eq. (5) is negligible, it is seen
that as long as Ti ≤ Te the dust-acoustic mode will always be growing whenever ωr < ω∗i. In
case of plasmas with hot negatively charged magnetized ions Ti ≥ Te, the instability becomes
determined by the electron term. The instability in the present case follows from the fact that
both electrons and singly charged negative ions together change the sign of the growth rate γ.
In Fig. 1, we present the growth rate for positively charged grains and negative ions for an
arbitrary set of plasma parameters, and in terms of the angle of propagation θ = arctan(kz/ky)
between the wave-vector ~k and the y-axis. The electron and negative-ion number densities are
taken equal to ni0 = ne0 = n0 = 1018 m−3, and we take Zd = 103 yielding nd0 = 2 · 1015 m−3.
We assume mi to be equal to proton mass, for grains we take md = 10−16 kg, and we assume a
plasma with L ≡ Le = Li = (d log n0/dx)−1 = 1 m. For the wave-number we take k = 103 m−1
so that L/λ = 160, λ = 2pi/k, and ρd/λ = 3, where ρd = vTd/Ωd and the magnetic field is taken
as B0 = 0.2 T.
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Figure 1. The normalized growth
rate γ/ωr in terms of the angle
between ~k and the y-axis, for Te =
Ti = 0.1, 0.5, 1 eV (lines a, b, c
respectively).
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Figure 2. The normalized growth
rate γ/ωr in terms of the angle
between ~k and the y-axis, for
several values ni0 and ne0, and for
nd0 = (ni0 + ne0)/Zd.
The lines a, b, c in Fig. 1 correspond to three different values of the electron and ion
temperature Te = Ti = T = 0.1, 0.5, 1 eV, respectively, where in the same time Td = T/50.
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The growth rate is strongly dependent on both the angle of propagation and the temperature
of the light plasma species that are responsible for the growth of the mode. Note that ωr here
takes values between 400 and 1260 Hz while Ωd = 0.3 Hz, and ω∗d changes between 0.01 Hz
and 0.1 Hz, so that indeed we have properly assumed limits for the local approximation, un-
magnetized grains, and negligible dust diamagnetic drift effects.
We stress that taking any other value for the dust temperature, even going to the limit
Td ∼ T , yields exactly the same shape for the growth rate. This is because for these parameters
the dust contribution in Eq. (5) is completely negligible. Similarly, the growth rate does not
change at all by varying n0, and this holds as long as ni0, ne0 are kept equal. This may be
expected from Eq. (5) because the density n0 cancels out by the dust term Zdnd0 that is in
the denominator in front of the brackets. However, for any other values ni0 6= ne0 the growth
rate changes. This is presented in Fig. 2 for several number densities ni0, ne0 (per cubic meter)
and for the case T = 0.5 eV, Td = T/50. Here, the corresponding dust density is given by
Zdnd0 = ni0 + ne0.
The described mechanism of excitation of dust acoustic waves in inhomogeneous plasmas
with magnetized light species is very likely to occur in any inhomogeneous environment. In such
situations, the DA wave will practically always be growing and the growth-rate can easily be
far above the wave frequency. The mode is most easily excited in a very narrow angle around a
direction that is almost perpendicular to the magnetic field vector and the density gradient. In
astrophysical clouds the proposed instability may become an initial triggering mechanism for the
fragmentation, especially if self-gravity effects are also taken into account. The kinetic analysis
presented here is in fact the most appropriate for such astrophysical plasmas with a small amount
of collisions. Artificially produced grains under laboratory conditions in the recent past are also
positively charged [4, 5, 6], and the proposed instability discussed here will undoubtedly work
there too. However, the plasmas in these recent experiments include positively charged grains,
electrons and negative ions, but, in addition to this, also a variable amount of positive ions [5],
or negative grains [4]. The simplified model with three species only, discussed in the text, can
easily be generalized to include the effects of these additional species. In both cases presented
here it is in fact the ion density gradient that crucially determines the mode behavior.
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